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Abstract. The Newman-Janis algorithm is supplemented with a null rotation
and applied to the tensors of the Reissner-Nordstro¨m spacetime to generate the
metric, Maxwell, Ricci and Weyl tensors for the Kerr-Newman spacetime. This
procedure also provides a mechanism whereby the Carter Killing tensor arises from
the geodesic angular momentum tensor of the underlying Reissner-Nordstro¨m metric.
The conformal Killing tensor in the Kerr-Newman spacetime is generated in a similar
fashion. The extended algorithm is also applied to the Killing vectors of the Reissner-
Nordstro¨m spacetime with interesting consequences. The Schwarzschild to Kerr
transformation is a special case.
PACS numbers: 02.40Ky, 04.20.Cv, 04.20Jb, 04.40.Nr, 04.70.Bw, 02.20.Sv
1. Introduction
In a 1965 paper, Newman and Janis [1] showed that the Kerr metric [2] could be
obtained from the Schwarzschild metric using a complex transformation within the
framework of the Newman-Penrose formalism [3]. A similar procedure was applied to the
Reissner-Nordstro¨m metric to generate the previously unknown Kerr-Newman metric
[4]. For possible physical interpretations of the algorithm see [5, 6] and for discussions
on more general complex transformations see [7, 8]. More recently, the uniqueness of
the Newman-Janis algorithm has been investigated [9], and exterior calculus applied to
facilitate the understanding of Newman-Janis algorithm [10]. It is worth noting that
the Kerr-Newman solution can also be derived in a physically straightforward way as
the unique solution to the black hole boundary problem [11].
The original Newman-Janis algorithm, when applied to the tensors of the Reissner-
Nordstro¨m spacetime, only produces the metric tensor for the Kerr-Newman spacetime.
The Maxwell, Ricci and Weyl tensors are not given directly by such a simple algorithm:
The issue with the Maxwell tensor was acknowledged by Newman et al [4]. Furthermore,
under the original algorithm the Carter Killing tensor and conformal Killing tensor
[12, 13] do not arise as one might expect.
The key to resolving these issues is to arrange for the repeated principal null
directions (RPND) of the Reissner-Nordstro¨m spacetime to be mapped to the RPND of
the Kerr-Newman spacetime. This is achieved by supplementing the Newman-Janis
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algorithm with a null rotation. Under this extended Newman-Janis algorithm the
Maxwell, Ricci and Weyl tensors for the Kerr-Newman spacetime are obtained from
the corresponding objects in the Reissner-Nordstro¨m spacetime. The Schwarzschild to
Kerr transformation is a special case.
It is of interest to investigate the fate of the symmetries under the algorithm.
It is known that the Reissner-Nordstro¨m and Kerr-Newman spacetimes are not
holomorphically equivalent: This is evident from the fact that the analytic continuation
of the Reissner-Nordstro¨m four-dimensional Killing vector algebra is a holomorphic Lie
algebra whereas the Kerr-Newman spacetime admits only a two-dimensional algebra [6].
Rather surprisingly, even under the extended algorithm, the timelike and axial Killing
vectors in the Reissner-Nordstro¨m spacetime are not mapped directly to those in the
Kerr-Newman spacetime. However, as a consequence of the extended algorithm, the
two Killing vectors do arise as members of an algebra generated by the three spherical
symmetry Killing vectors of the Reissner-Nordstro¨m spacetime. The extended algorithm
also provides a mechanism whereby the Carter Killing tensor arises from the geodesic
angular momentum tensor of the underlying Reissner-Nordstro¨m metric. The conformal
Killing tensor in the Kerr-Newman spacetime is generated in a similar fashion.
In section 2 the extended algorithm is given and compared to the original algorithm.
In section 3 the Maxwell, Ricci and Weyl tensors are given explicitly in terms of the
derived Newman-Penrose scalars. The Killing vectors, Killing tensor and conformal
Killing tensor are considered in section 4.
2. An extended Newman-Janis algorithm
The Reissner-Nordstro¨m spacetime is given by
ds2 = ξ(r)du2 + 2dudr− r2(dθ2 + sin2 θdφ2) (2.1)
ξ(r) = 1− r−2(2Mr − e2). (2.2)
The corresponding metric tensor can be expressed in terms of the complex null tetrad
la = δar , n
a = δau − 12ξ(r)δar
ma =
1√
2r
(δaθ + i csc θδ
a
φ) (2.3)
as
gab = 2l(anb) − 2m(am¯b). (2.4)
The extended algorithm is summarized below, consisting of Newman and Janis’
algorithm (parts (i) - (iii)) and the null rotation (iv). The complex substitutions referred
to are given in Table 1.
(i) The coordinate r is allowed to take on complex values and the corresponding
modified null tetrad {l, n,m, m¯} is constructed. Choosing complex substitutions
(b) for r in ma, the tetrad (2.3) is replaced by
la = δar , n
a = δau − 12ξ∗(r, r¯)δar
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ma =
1√
2r¯
(δaθ + i csc θδ
a
φ) (2.5)
where, choosing complex substitutions (c) and (d) for the r and r2 terms respectively
in ξ(r)
ξ∗(r, r¯) = 1− (rr¯)−1[M(r + r¯)− e2]. (2.6)
(ii) Perform the complex coordinate transformation {u, r, θ, φ} 7→ {u′, r′, θ′, φ′}.
u′ = u− ia cos θ, r′ = r + ia cos θ
θ′ = θ, φ′ = φ (2.7)
on the tetrad {l, n,m, m¯}.
(iii) Restrict the coordinate r′ to be real to obtain the new tetrad {l′, n′, m′, m¯′},
l′a = δar′ , n
′a = δau′ − 12ξ′(r′, θ′)δar′
m′a =
1√
2(r′ + ia cos θ′)
[ia sin θ′(δau′ − δar′) + δaθ′ + i csc θ′δaφ′ ] (2.8)
where
ξ′(r′, θ′) = 1− [2Mr′ − e2][(r′)2 + a2 cos2 θ′]−1. (2.9)
The new tetrad has the associated metric tensor
g′ab = 2l′(an′b) − 2m′(am¯′b). (2.10)
(iv) The tetrad vector pair m′ and m¯′ are not tangent to r = constant surfaces but
a null rotation (Equation (5.5) of [3]) produces a new pair which are. The null
rotation is given by
lˆ = l′, nˆ = n′ + αm¯′ + α¯m′ + αα¯l′
mˆ = m′ + αl′, ˆ¯m = m¯′ + α¯l′
α = ia sin θ′(r′ + ia cos θ′)−1/
√
2. (2.11)
This generates a new complex null tetrad {lˆ, nˆ, mˆ, ˆ¯m}
lˆa = δar′, nˆ
a = Σ−1[(r′2 + a2)δau′ − 12∆δar′ + aδaφ′ ]
mˆa =
1√
2(r′ + ia cos θ′)
[ia sin θ′δau′ + δ
a
θ′ + i csc θ
′δaφ′ ] (2.12)
where
Σ = r′2 + a2 cos2 θ′, ∆ = r′2 + a2 − 2Mr′ + e2.
The new tetrad has the associated metric tensor
gˆab = 2lˆ(anˆb) − 2mˆ(a ˆ¯mb). (2.13)
The metric tensors (2.10) and (2.13) are identical: The null rotation (2.11) is a
Lorentz transformation and the metric tensor is invariant under this transformation.
The metric is the Kerr-Newman metric
gˆab = Σ−1


−a2 sin2 θ′ (r′2 + a2) 0 −a
(r′2 + a2) −∆ 0 a
0 0 −1 0
−a a 0 − csc2 θ′


(2.14)
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The covariant form of the metric is given by
gˆab =


1− Σ−1(2Mr′ − e2) 1 0 Σ−1(2Mr′ − e2)a sin2 θ′
1 0 0 −a sin2 θ′
0 0 −Σ 0
Σ−1(2Mr′ − e2)a sin2 θ′ −a sin2 θ′ 0 gˆφφ


(2.15)
where
gˆφφ = −[r′2 + a2 − a2 sin2 θ′Σ−1(e2 − 2Mr′)] sin2 θ′.
The complex substitutions for the Maxwell, Ricci and Weyl Newman-Penrose
scalars are given in Table 2. The corresponding scalars in the Kerr-Newman
spacetime, with respect to the tetrad (2.12), are given by applying the coordinate
transformation (2.7). The associated tensors are obtained from the Newman-
Penrose scalars in section 3.
Thus, both the original and extended algorithms provide a satisfactory method for
constructing the Kerr-Newman metric tensor. The notation l 7→ lˆ shall denote the
transformation of l into lˆ: The first part of this transformation is l 7→ l′ of the original
algorithm (parts (i)-(iii)); the second part of the transformation is the null rotation
l′ 7→ lˆ.
There are a number of pertinent remarks to be made. First, parts (iii) and (iv)
commute in the following sense: If the null rotation with parameter
α = ia sin θ′(r¯′ + ia cos θ′)−1/
√
2. (2.16)
(i.e., (2.11) with r′ replaced with r¯′) is carried out prior to the coordinate r′ being
restricted to be real, then one still obtains the final tetrad (2.12) and the consequences
of the extended algorithm are the same. The significance of this observation lies in
the tentative possibility of constructing a complex-dimensional complex manifold, as
proposed by Flaherty in Chapter X of [7]. However, no further consideration of this will
be given here.
Under the extended algorithm the original tetrad is transformed as follows
l 7→ lˆ, n 7→ nˆ, m 7→ mˆ, m¯ 7→ ˆ¯m. (2.17)
In particular, the RPND of Reissner-Nordstro¨m spacetime are transformed into the
RPND of the Kerr-Newman spacetime, i.e., l 7→ lˆ, n 7→ nˆ. This was not the case
under the original algorithm. The mapping between the RPND is not only aesthetically
appealing but also crucial to the construction of the Maxwell, Ricci and Weyl tensors
in the Kerr-Newman spacetime.
3. Newman-Penrose scalars and tensor fields
The Maxwell, Ricci and Weyl Newman-Penrose scalars, with respect to the tetrad (2.12),
will now be derived explicitly using the extended algorithm. The associated tensors are
then obtained from the Newman-Penrose scalars.
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Table 1. Complex substitution types. The coordinate r appearing in the tensors of
the Reissner-Nordstro¨m spacetime can be replaced in one of four ways in part (i) of the
algorithm. The four substitution types are listed. The third column gives the resulting
real function when the coordinate r′ is subsequently taken to be real in part (iii) of
the algorithm.
Type Complex substitution r′ taken to be real
(a) r 7→ r r = r′ − ia cos θ 7→ r′ − ia cos θ
(b) r 7→ r¯ r¯ = r¯′ + ia cos θ 7→ r′ + ia cos θ
(c) r 7→ 1
2
(r + r¯) 1
2
(r + r¯) = 1
2
(r′ − ia cos θ + r¯′ + ia cos θ) 7→ r′
(d) r2 7→ rr¯ rr¯ = (r′ − ia cos θ)(r¯′ + ia cos θ) 7→ Σ
Table 2. Complex substitutions for the non-zero Newman-Penrose scalars of the
Reissner-Nordstro¨m spacetime.
Tensor Newman-Penrose scalar Complex substitution type
Maxwell φ1 = (e/
√
2)r−2 (a) applied to r term
Ricci Φ11 = −e2r−4/2 (d) applied to r term
Weyl Ψ2 = −(M − e2r−1)r−3 (b) applied to r−1 term
(a) applied to r−3 term
The Maxwell scalars for the Reissner-Nordstro¨m spacetime are
φ0 = φ2 = 0, φ1 = (e/
√
2)r−2. (3.1)
Applying the extended algorithm with the complex substitution (a) of Table 1 produces
the corresponding scalars for the Kerr-Newman spacetime
φˆ0 = φˆ2 = 0, φˆ1 = (e/
√
2)(r′ − ia cos θ′)−2. (3.2)
The Ricci scalars for the Reissner-Nordstro¨m spacetime are
Φ00 = Φ22 = Φ01 = Φ02 = Φ12 = Λ = 0
Φ11 = −e2r−4/2. (3.3)
Applying the complex substitution (d), the corresponding scalars for the Kerr-Newman
spacetime are
Φˆ00 = Φˆ22 = Φˆ01 = Φˆ02 = Φˆ12 = Λˆ = 0
Φˆ11 = −e2Σ−2/2. (3.4)
The Weyl scalars for the Reissner-Nordstro¨m spacetime are
Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0
Ψ2 = −(M − e2r−1)r−3. (3.5)
Applying the appropriate complex substitutions of Table 1, the corresponding scalars
for the Kerr-Newman spacetime are
Ψˆ0 = Ψˆ1 = Ψˆ3 = Ψˆ4 = 0
Ψˆ2 = −[M − e2(r′ + ia cos θ′)−1](r′ − ia cos θ′)−3. (3.6)
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The corresponding tensors in the Kerr-Newman spacetime can now be easily
obtained in terms of the Newman-Penrose scalars and the tetrad basis {lˆ, nˆ, mˆ, ˆ¯m},
see for example Chapter 1 of Chandrasekhar’s book [14]. The Maxwell tensor is
Fˆ ab = − 2(φˆ1 + ˆ¯φ1)lˆ[anˆb] + 2(φˆ1 − ˆ¯φ1)mˆ[a ˆ¯mb]
= 2
√
2eΣ−2[(−r′2 + a2 cos2 θ′)lˆ[anˆb] + 2iar′ cos θ′mˆ[a ˆ¯mb]]. (3.7)
The Ricci tensor is
Rˆab = − 4Φˆ11(lˆ(anˆb) + mˆ(a ˆ¯mb)).
= 2e2Σ−2(lˆ(anˆb) + mˆ(a ˆ¯m
b)
). (3.8)
Since the Ricci scalar Rˆ = 0, the Einstein tensor is also given by the above construction.
Making use of Chandrasekhar’s notation [14] for vector fields w, x, y, z
{waxbyczd} = waxbyczd − waxbzcyd − xawbyczd + xawbzcyd
+ yazbwcxd − yazbxcwd − zaybwcxd + zaybxcwd (3.9)
the Weyl tensor for the Kerr-Newman spacetime is given by
Cˆabcd = − (Ψˆ2 + ˆ¯Ψ2)({lˆanˆblˆcnˆd}+ {mˆa ˆ¯mbmˆc ˆ¯md})
+ (Ψˆ2 − ˆ¯Ψ2){lˆanˆbmˆc ˆ¯md}
+ Ψˆ2{lˆamˆbnˆc ˆ¯md}+ ˆ¯Ψ2{lˆa ˆ¯mbnˆcmˆd}. (3.10)
The explicit expression is rather lengthy and will not be written out in full.
As already acknowledged by Newman et al [4], the Maxwell tensor is not given
directly by the original algorithm. This problem occurs because the Maxwell Newman-
Penrose scalars behave as follows with respect to each tetrad basis
Reissner-Nordstro¨m {l, n,m, m¯} φ0 = φ2 = 0, φ1 6= 0
Kerr-Newman {l′, n′, m′, m¯′} φ′0 = 0, φ′2 6= 0, φ′1 6= 0
Kerr-Newman {lˆ, nˆ, mˆ, ˆ¯m} φˆ0 = φˆ2 = 0, φˆ1 6= 0.
This means that if one is to use the Newman-Janis tetrad {l′, n′, m′, m¯′} one must
conjure a non-zero valued φ′2 from a φ2 = 0. However, this problem can be avoided if
one is to use the tetrad {lˆ, nˆ, mˆ, ˆ¯m} as above. Similar arguments apply to the Ricci and
Weyl tensors.
4. Symmetries
An r-dimensional isometry algebra will be denoted Gr. The Reissner-Nordstro¨m
spacetime (2.1) admits a G4 and the Kerr-Newman spacetime a G2. It will be
shown that, under the extended algorithm, the timelike and axial Killing vectors in
the Reissner-Nordstro¨m spacetime are not transformed directly to those in the Kerr-
Newman spacetime. However, under the extended algorithm the two Killing vectors of
the Kerr-Newman spacetime do arise as members of an algebra generated by the three
spherical symmetry Killing vectors of the Reissner-Nordstro¨m spacetime.
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It is well known that the Kerr and Kerr-Newman spacetimes admit both an
irreducible Killing tensor and an irreducible conformal Killing tensor [12, 13]. Neither
of these arise from the corresponding tensors in the Reissner-Nordstro¨m spacetime via
the original algorithm, yet they do under the extended algorithm.
4.1. Killing vectors
The Killing vectors of the Reissner-Nordstro¨m spacetime will be expanded in terms of
the tetrad {l, n,m, m¯}. Under the extended algorithm this tetrad is then transformed
via (2.17) to the new tetrad {lˆ, nˆ, mˆ, ˆ¯m}. The properties of the resulting vector fields
are considered.
The Reissner-Nordstro¨m metric admits the G4 consisting of the timelike Killing
vector
U = ∂u (4.1)
and the so(3) spherical symmetry algebra of Killing vectors with basis
X1 = − cos φ∂θ + cot θ sinφ∂φ
X2 = sin φ∂θ + cot θ cosφ∂φ, X3 = ∂φ. (4.2)
The Lie brackets of the G4 are
[U,X1] = [U,X2] = [U,X3] = 0
[X1, X2] = X3, [X2, X3] = X1, [X3, X1] = X2. (4.3)
The relevant coordinate basis vector fields can be expressed in terms of the complex null
tetrad {l, n,m, m¯} of (2.5) as follows
∂θ = (r¯m+ rm¯)/
√
2
∂φ = i sin θ(rm¯− r¯m)/
√
2
∂u = n +
1
2
ξl. (4.4)
Thus the Killing vectors of the Reissner-Nordstro¨m spacetime can be written
U = n+ 1
2
ξl
X1 =
1√
2
[− cosφ(r¯m+ rm¯)] + cot θ sinφX3
X2 =
1√
2
[sin φ(r¯m+ rm¯)] + cot θ cosφX3
X3 = i sin θ(rm¯− r¯m)/
√
2. (4.5)
The vector fields in the Kerr-Newman spacetime corresponding to {U,Xi}, i =
1, 2, 3 of the Reissner-Nordstro¨m spacetime can now be determined by employing the
extended algorithm. Consider first the vector field
U = n+ 1
2
ξl. (4.6)
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The tetrad transformation (2.17) and coordinate transformation (2.7) give rise to the
transformations
l 7→ lˆ, n 7→ nˆ, ξ(r) 7→ ξ′(r′, θ′). (4.7)
Thus, it is natural to define the vector field associated with U as
Uˆ = nˆ+ 1
2
ξ′lˆ. (4.8)
Using the identity ξ′(r′, θ′) = Σ−1(∆− a2 sin2 θ′), this vector field can be expressed as
Uˆ = Σ−1[(r′2 + a2)∂u′ − 12∆∂r′ + a∂φ′ ] + 12Σ−1(∆− a2 sin2 θ′)∂r′
= Σ−1[(r′2 + a2)∂u′ − 12a2 sin2 θ′∂r′ + a∂φ′ ]. (4.9)
Similarly, with the transformation m 7→ mˆ, m¯ 7→ ˆ¯m and coordinate transformation
(2.7), the vector fields corresponding to the Xi are defined as
Xˆ1 =
1√
2
[− cosφ′(r¯′mˆ+ r′ ˆ¯m)] + cot θ′ sinφ′Xˆ3
Xˆ2 =
1√
2
[sin φ′(r¯′mˆ+ r′ ˆ¯m)] + cot θ′ cosφ′Xˆ3
Xˆ3 = i sin θ
′(r′ ˆ¯m− r¯′mˆ)/
√
2. (4.10)
Explicitly these are
Xˆ1 = − cos φ′∂θ′ + cot θ′ sin φ′Xˆ3
Xˆ2 = sin φ
′∂θ′ + cot θ
′ cosφ′Xˆ3
Xˆ3 = a sin
2 θ′∂u′ + ∂φ′ . (4.11)
When the parameter a = 0 the vector fields Uˆ , Xˆi reduce to the expressions (4.1) and
(4.2) as one would expect. The vector fields Xˆi have Lie brackets
[Xˆ1, Xˆ2] = Xˆ3 − 2aYˆ1, [Xˆ2, Xˆ3] = Xˆ1 + 2aYˆ2
[Xˆ3, Xˆ1] = Xˆ2 + 2aYˆ3 (4.12)
where
Yˆ1 = cos
2 θ′∂u′ , Yˆ2 = sin θ
′ cos θ′ sin φ′∂u′
Yˆ3 = sin θ
′ cos θ′ cosφ′∂u′ . (4.13)
The Lie algebra will close with the introduction of three further vector fields
Yˆ4 = cos
2 φ′ sin2 θ′∂u′, Yˆ5 = sinφ
′ cosφ′ sin2 θ′∂u′
Yˆ6 = ∂u′ . (4.14)
The vector fields YˆI , I = 1, . . . , 6 commute amongst themselves. Thus, the vector fields
{Xˆi, YˆI} are the basis for a nine-dimensional Lie algebra
[Xˆ1, Xˆ2] = Xˆ3 − 2aYˆ1, [Xˆ2, Xˆ3] = Xˆ1 + 2aYˆ2
[Xˆ3, Xˆ1] = Xˆ2 + 2aYˆ3, [YˆI , YˆJ ] = 0
[Xˆ1, Yˆ1] = 2Yˆ3, [Xˆ1, Yˆ2] = Yˆ5, [Xˆ1, Yˆ3] = −Yˆ1 − Yˆ4
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[Xˆ2, Yˆ1] = −2Yˆ2, [Xˆ2, Yˆ2] = −2Yˆ1 + Yˆ4 − Yˆ6, [Xˆ2, Yˆ3] = −Yˆ5
[Xˆ3, Yˆ1] = 0, [Xˆ3, Yˆ2] = Yˆ3, [Xˆ3, Yˆ3] = −Yˆ2
[Xˆ1, Yˆ4] = −2Yˆ3, [Xˆ1, Yˆ5] = −Yˆ2, [Xˆ1, Yˆ6] = 0
[Xˆ2, Yˆ4] = 0, [Xˆ2, Yˆ5] = Yˆ3, [Xˆ2, Yˆ6] = 0
[Xˆ3, Yˆ4] = −2Yˆ5, [Xˆ3, Yˆ5] = Yˆ1 + 2Yˆ4 − Yˆ6, [Xˆ3, Yˆ6] = 0 (4.15)
where I, J = 1, . . . , 6. Note that the combination
aYˆ1 + Xˆ3 = ∂u′ + ∂φ′ (4.16)
is a Killing vector. The Killing vectors corresponding to the time independence
Yˆ6 = ∂u′ (4.17)
and axial symmetry
aYˆ1 + Xˆ3 − Yˆ6 = ∂φ′ (4.18)
in the Kerr-Newman spacetime do not arise directly from those of the Reissner-
Nordstro¨m spacetime (i.e., U and X3 respectively), but from the Lie brackets of the
nine-dimensional algebra (4.15) generated by the so(3) spherical symmetry algebra of
the Reissner-Nordstro¨m spacetime. It is unknown whether the non-Killing vector fields
in the nine-dimensional Lie algebra have any geometrical significance.
The Lie brackets of Uˆ with the Xˆi does not give a closed algebra.
4.2. The Killing tensor and conformal Killing tensor
In the Reissner-Nordstro¨m metric, i.e., in the limit a = 0, the Killing tensor reduces to
the tensor representing the square of the geodesic angular momentum
Jab = 2r2m(am¯b). (4.19)
Using (2.4) this tensor can expressed as
Jab = 2r2l(anb) − r2gab. (4.20)
Making an appropriate complex substitution for the r2 terms, i.e., (d) and (c)
respectively from Table 1, the following tensor can be constructed
Kab = 2rr¯l(anb) − [1
2
(r + r¯)]2gab. (4.21)
As a brief digression, it is noted that by substituting the expression for the metric (2.4)
into (4.21), this tensor can be written
Kab = −1
2
(r − r¯)2l(anb) − 1
2
(r + r¯)2m(am¯b)
= −2[im(r)]2l(anb) − 2[re(r)]2m(am¯b) (4.22)
which displays a complementarity between the two parts.
Under the extended algorithm the Killing tensor in the Kerr-Newman spacetime
can be constructed from (4.21): Taking into account the transformation {l, n,m, m¯} 7→
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{lˆ, nˆ, mˆ, ˆ¯m} and coordinate transformation (2.7), it is natural to define the Killing tensor
to be
Kˆab = 2Σlˆ(anˆb) − r′2gˆab. (4.23)
Explicitly
Kˆab = Σ−1


a2r′2 sin2 θ′ a2(r′2 + a2) cos2 θ′ 0 ar′2
a2(r′2 + a2) cos2 θ′ −∆a2 cos2 θ′ 0 a3 cos2 θ′
0 0 r′2 0
ar′2 a3 cos2 θ′ 0 r′2 csc2 θ′


.
The conformal Killing tensor in the Reissner-Nordstro¨m spacetime is
Cab = 2r2l(anb). (4.24)
Under the complex substitution (d) in Table 1
Cab = 2rr¯l(anb). (4.25)
The extended algorithm gives the conformal Killing tensor in the Kerr-Newman
spacetime, i.e., with the transformation l 7→ lˆ, n 7→ nˆ and coordinate transformation
(2.7) the conformal Killing tensor is defined to be
Cˆab = 2Σlˆ(anˆb). (4.26)
5. Discussion
Under the extended algorithm the RPND of the Kerr-Newman spacetime can be
constructed from the RPND of Reissner-Nordstro¨m spacetime, i.e.,
l 7→ lˆ, n 7→ nˆ.
This, and the consequences outlined in sections 2, 3 and 4, suggest that the null rotation
(2.11) is an intrinsic part of the procedure. However, it has to be acknowledged that
these results raise as many questions as they answer.
The Schwarzschild to Kerr transformation, i.e., e = 0, is a special case and all the
above results apply equally well.
The arbitrariness of the complex substitutions present in the original Newman-Janis
algorithm remains, and the extended algorithm requires yet more. However, the fact
that the tensors can be constructed in a relatively clean fashion suggests there might
be something deeper behind it. It is also interesting that this all relies on the Newman-
Penrose formalism: As noted by Flaherty [7], the transformation (2.7) applied directly
to the metric gab does not yield the desired results.
It is interesting that, even although the timelike and axial Killing vectors of the
Kerr-Newman spacetime do not arise directly from those in the Reissner-Nordstro¨m
spacetime, the extended algorithm still ensures they do arise indirectly as members of
a larger algebra generated by the so(3) spherical symmetry algebra of the Reissner-
Nordstro¨m spacetime. The significance, if any, of the non-Killing vector fields in the
nine-dimensional Lie algebra is unknown.
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It is known that the Killing tensor and conformal Killing tensor in the Kerr
spacetime do not arise as the result of any of the standard spacetime symmetries, e.g.,
conformal Killing vectors, projective, curvature or Weyl collineations, since the Kerr
spacetime does not admit any of these (except the two Killing vector fields associated
with its axisymmetric and stationary properties), see [15] for an overview. It remains
to determine the geometrical significance of the complex tensor fields (4.22) and (4.25).
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